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Theoretical Probability 

The Basics 

Terms 
A random experiment is any activity which has a measurable result. The term measurable 

can mean quantitative or qualitative measures. 

An outcome is any (simple) result of one trial of a random experiment. When listing 

outcomes, we'll use some short description (numbers, letters, words—something) to identify 

each outcome. 

An event is a group (set) of related outcomes. We typically use capital Roman letters to 

identify events. 

The universe (or sample space) is the group (set) of all possible outcomes for a random 

experiment. The Roman capital U is often reserved to identify the universe. 

If all outcomes in the universe are equally likely, then we can define the probability of an 

event to be the number of outcomes in the event divided by the number of outcomes in the 

universe. This is summarized in Equation 1. Note that the vertical bars really mean "size of," not 

just "absolute value." 

Equation 1 - Probability of an Event 

E
P(E)

U
=  

Counting 
So calculating the probability of an event is reduced to simply counting how many ways 

things can happen. There are three main ways to count quickly… 

Pigeon Hole Principle (Multiplication Rule) 

If the event is composed of a series of smaller, simpler steps, and the number of ways that 

each step can be completed does not depend on the result of a previous step, then you can 

multiply the number of ways each step can be completed to arrive at the total number of ways the 

event can happen (whew!). 

For example, let's say that you're picking out an outfit for Tacky Day. You have five shirts, 

three pairs of pants, ten different pairs of socks, and eight pairs of shoes. How many ways can 

you get dressed (assuming one of each type of thing)? 

Since the number of choices of pants does not depend on exactly which pair of pants you've 

chosen, we can use the PHP—(5)(3)(10)(8) = 1200. 

Combinations 

If the event involves choosing a subset of a larger set, then you can use combinations (recall 

that a subset is a smaller part of a larger group, where the order of the choices is not important). 

The formula for combinations is given in Equation 2. 
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Equation 2 - Combinations 
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The first notation is standard (and reads "n choose r"); the others are used, but are not 

standard (thus, I will not use them). Knowing this equation is extra—you could probably get by 

fine without it. It is more important to be able to decide when to use it (and be able to get your 

calculator to do it for you). 

For example, let's say that I've decided to employ my dictatorial powers to choose two 

members of the 25 member Math Club to attend a Principal's Meeting. How many ways can I do 

this? 

I'm choosing a subset of size two from a set of size 25, so this calls for combinations. 
25

2

 
 
 

 = 

300, so there are 300 different groups of two members that can be chosen. 

Note that this is not specifically tested on the AP exam. 

Permutations 

If, in addition to choosing a subset, you want to arrange the subset into an order, then you've 

got a permutation. Equation 3 shows the formula for this. 

Equation 3 - Permutations 
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There is no standard notation for permutations; this is because it can be done with the 

standard notation for combinations and factorials. The middle (or second) item in the formula is 

probably most common (though there are others). 

For example, let's say that I've decided to complete my domination of the Math Club by 

selecting the officers for next year—President, VP, Secretary and Treasurer. How many ways 

can this be done? 

To do this, I've got to choose four members (out of 25), and then arrange them in an order 

(who gets to be VP?). 25P4 = 303,600 (wow!). Note that if I wasn't assigning them to different 

offices, then I wouldn't have to impose an order, and this would be a combination problem. 

Note that this is not specifically tested on the AP exam. 

Examples 
[1.] A single fair die is rolled, and the number of pips showing are measured. What is the 

universe? What outcomes are in the event Four or More? What is the probability that a die roll 

will result in four or more? 

U = {1,2,3,4,5,6}. F = {4,5,6}. P(F) = 3
6
 = ½. 

 

[2.] Consider five digit zip codes with the following rules: each of the first four digits can be 

any number from 0 through 9,and the fifth digit can be any digit from 1 through 8. How many 

different zip codes does this create? 
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This is a pigeon-hole problem. Choosing a zip code can be broken down into picking the first 

digit, picking the second digit, etc. Each of the first four digits has ten possible choices, and the 

last digit has eight choices. So the answer is 10×10×10×10×8 = 80000. 

 

[3.] In a certain lottery, players pick five numbers from 1 through 50 (without repeats). How 

many different choices can a player make? 

This can be enumerated with combinations. 
50

5

 
 
 

 = 2,118,760. An interesting side note: there 

was a man in the U.S. who won a large lottery, and then performed a calculation similar to what 

we just completed. He then calculated that he had enough money from the first lottery to buy one 

of each possible ticket for a lottery with a larger jackpot. Lottery officials refused his request to 

purchase that many lottery tickets in bulk, so he didn't win the bigger jackpot. 

 

[4.] In a test for ESP, the experimenter takes cards numbered 1 – 10 and shuffles them. The 

experimenter then looks at each card, one by one, and the test subject write down the number 

that they think the experimenter is looking at. How many different ways can the subject write 

down the numbers 1 – 10? 

This is a case for permutations. There are ten things, and we are going to pick and arrange all 

ten. 10P10 = 10! = 3,628,800. 

More with Events 

Unions 
The Union of two events contains all outcomes that belong to either event (and maybe both). 

To find the probability of the union, you need to sum up the outcomes in the two events. Note, 

though, that if you just add the number of outcomes in the first event to the number of outcomes 

in the second event, then you might be adding some outcomes twice—so you need to adjust by 

subtracting the number of outcomes that belong to both events. 

Equation 4 - The Probability of the Union 

P(A B) P(A) P(B) P(A B)∪ = + − ∩  

Notice the ∪ symbol for the Union. The ∩ symbol represents the intersection… 

Intersections 
The Intersection of two events contains all outcomes that are shared by the events (that are in 

common). The probability of the intersection is called the Joint Probability—two events that do 

not have any outcomes in common are called disjoint, or mutually exclusive. 

Finding the number of outcomes that are shared isn't easy…unless you know that the events 

are independent. Independence means that the knowledge that one event has occurred does not 

change the probability that the other event will occur. Sometimes, it's obvious that two things 

must be independent—other times, we'll have to check. More on independence later… 

If the two events are independent, then you can multiply the individual probabilities to find 

the probability of the intersection. 
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Equation 5 - The Probability of the Intersection 

P(A B) P(A) P(B)∩ = ⋅  

Complements 
The complement of an event contains all outcomes that do not belong to the event. So the 

complement is the opposite of the event. There are many notations for the complement—an 

overbar, a prime (tick mark) exponent; the letter c as an exponent…the list goes on. I'll use the 

overbar. 

So every outcome in a universe either belongs to an event, or it doesn't—thus, the sizes of an 

event and its complement must sum to the size of the universe. So the probabilities of an event 

and its complement must sum to the probability of the universe (1). 

Equation 6 - The Probability of the Complement 

P(A) 1 P(A)= −  

Examples 
[5.] A standard deck of cards contains 52 cards—thirteen ranks in each of four suites. If a card 

is drawn at random from the deck, what is the probability that it is red, or has a rank of 3? 

P(red ∪ 3) = P(red) + P(3) – P(red ∩ 3) = 26 28 74 2
52 52 52 52 13
+ − = = . 

 

[6.] From example 5—what is the probability that the card drawn is NOT a five? 

P(Not 5) = 1 – P(5) = 4
52

1−  = 48 12
52 13
= . 

Conditional Probability 

The Formula 
The Conditional Probability of an Event is the probability that one event happens, if it is 

known that another event has occurred.  

Equation 7 - The Conditional Probability Formula 

P(A B)
P(A | B)

P(B)

∩
=  

This formula makes perfect sense, if you think about it. If we know that event B has occurred, 

then the only possible outcomes must be a part of event B. If we know that event B has occurred, 

then it becomes the universe! So when we want to count the number of outcomes in event A, we 

only count those that are in the current universe—B. Thus, the numerator is the event (A that is 

in B, or A ∩ B), and the denominator is the universe (B). 

The Connection to Independence 
Earlier, I wrote that independence means that the knowledge of one event does not affect the 

probability of another event. In terms of conditional probability, that means events are 
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independent if the conditional probability of an event is the same as the unconditional 

(regular; usual) probability of the event. Events A and B are independent if P(A|B) = P(A). 

Examples 
[7.] In another ESP experiment, the subject must randomly pick two different numbers 

between 1 and 6. What is the probability that the second number is bigger than 4, if we know that 

the first number was 3? What is the probability that one of the numbers is a 4, if the other 

number is known to be a 3? 

Perhaps a chart of the possibilities might be in order.  

Table 1 - Universe for Example 7 

  Second Number 

  1 2 3 4 5 6 

1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6) 

2 (2,1) (2,2) (2,3) (2,4) (2,5) (2,6) 

3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6) 

4 (4,1) (4,2) (4,3) (4,4) (4,5) (4,6) 

5 (5,1) (5,2) (5,3) (5,4) (5,5) (5,6) 

F
ir
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t 
N
u
m
b
e
r 

6 (6,1) (6,2) (6,3) (6,4) (6,5) (6,6) 

There are 36 possibilities for choosing two numbers. However, we know that the first number 

was three…there are only six outcomes where that is true. In that universe, the probability that 

the second number is four is ⅙. 
In the second case, there are 11 outcomes where one (at least one) of the numbers is a 3. In 

those, two also have a 4, so the probability of one number being 4 (if the other is known to be 3) 

is 2
11
. 

 

[8.] The US Center for National Health Statistics compiled information about injuries in the 

US. The frequencies below are in millions. 

Table 2 - Injuries in the US 

  Circumstance 

  Work Home Other 

Male 8.0 9.8 17.8 
Gender 

Female 1.3 11.6 12.9 

Are the events Female and Home independent? 

We need to compute a conditional probability in order to answer this—for example, we can 

check to see if P(F|H) = P(F). There were 21.4 (million) injuries at home, and 11.6 of them were 

Females, so P(F|H) = 11.6
21.4
 ≈ 0.54. There are 61.4 (million) people represented in this table, and 

25.8 of them were Female, so P(F) = 25.8
61.4
 ≈ 0.42. Since P(F|H) ≠ P(F), the events Female and 

Home are not independent. 


