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Chapter 22: Comparing Two Proportions 
The Sampling Distribution (theory) 
Making Two Things Into One 

So—we’ve seen how we can conduct inference when we have one sample from one 
population…what if we want two samples from two populations, and want to compare them? 

If there were a way to combine the two parameters into one…combine the two statistics into 
one…then we’d be in business. 

When you look at those two statistics, what are you really looking for? A difference! 
…so maybe you could take the difference of the two values to make them into one. 
If 1p  is the statistic that estimates 1p  in population number one, and  2p  is the statistic that 

estimates 2p  in population number two, then  1 2p p  is the statistic that estimates the difference 
in the population proportions 1 2p p .  

The obvious next question is: what can we say about the sampling distribution of  1 2p p ? 
The Center 

The centers of the two individual sampling distributions are 1 1p p   and 2 2p p  . Can we 
use that to determine the center of the combined sampling distribution? 

Of course we can! We know how to find the mean of combined random variables…we did 
that a few chapters ago. 

Equation 1 - The Mean of the Sampling Distribution 
   1 2 1 2 1 2p p p p p p        

The Spread 
Remember that when combining random variables, you have to deal with the spread through 

variance. The variances of the individual sampling distributions are 
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variances still add.  
Equation 2 - The Variance of the Sampling Distribution 
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Don’t forget that this formula only works if the variables are independent! 
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The Shape 
We know that each of the sampling distributions is approximately normal under certain 

circumstances…what happens to the shape of this new distribution? 
It turns out that when you combine distributions, the result is always more normal than the 

ones you started with (this is the heart of the Central Limit Theorem). Since our originals were 
approximately normal, the new combined sampling distribution will still be approximately 
normal, just more so. What will change is that you won’t need as much normality in each 
individual sampling distribution. 
Confidence Intervals 

Now that we’ve cleared some things up about the sampling distribution, we can follow the 
same pattern for confidence intervals that we did in that earlier chapter. Remember that we’ll 
have to replace 1p  and 2p  with 1p  and  2p … 
Formula 

The general formula was    statistic critical value measure of variation  . Let’s just replace 
each of those pieces with the new, updated parts: 

Equation 3 - A Two Sample Confidence Interval for Proportions 
        1 1 2 2*

1 2
1 2

1 1p p p pp p z n n
     

Requirements 
Before, the procedure required that the sample (singular) had been obtained randomly…now 

there are two samples! Thus, we now require that both samples (plural!) have been randomly 
obtained from their respective populations. 

Be careful here! There are some problems where the two groups aren’t really two 
samples…rather, a single sample was randomly split into two groups. If this is the case, then you 
CANNOT mention “two random samples” on the AP Exam and receive full credit. Thus, your 
first condition should either read as both samples were obtained randomly or that the two groups 
were formed through random assignment. 

Before, we needed the sample to be less than 10% of the population…now we need each 
sample to be less than 10% of its population. This is still a side issue…not nearly as important as 
the other two conditions. 

Before, we checked that n p  and  1n p   were at least 10 in order to say that the sampling 
distribution was approximately normal. Now, we have to do that twice! Furthermore, since each 
sampling distribution doesn’t need to be as normal as before, we don’t need those products to 
come out as large as we did. Thus, we’ll need each of 1 1n p ,  1 11n p , 2 2n p  and  2 21n p  to 
be at least five. 

Note that there are some people who still require these products to be at least 10. There are 
reasons for that…but on the AP Exam, it doesn’t matter. As long as you state and check a 
condition that is reasonable, it will be scored as correct. 
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Examples 

[1.] A study on obesity found that among 101 Mexican American men, 38 were obese (a body 
mass index of at least 30), and that among 138 Mexican American Women, 66 were obese. 
Estimate the difference in obesity rates between Mexican American men and women with 95% 
confidence. 

 
I’ll use mp  for the proportion of Mexican American men who are obese, and fp  for the 

proportion of Mexican American women who are obese. 
This calls for a two sample z-interval for difference in proportions. This requires that each 

sample is a random sample from its population, and that each of m mn p ,  1m mn p , f fn p  and 
 1f fn p  are at least five. I’ll have to assume that the samples are random samples of Mexican 

Americans.    38101 38 5101m mn p       ,     381 101 1 63 5101m mn p         , 
   66138 66 5138f fn p        and     661 138 1 72 5138f fn p         , so the requirements are 

met. 
With 95% confidence, * 1.96z  . The interval is 

       0.478 0.522 0.376 0.6240.478 0.376 1.96 0.024,0.228138 101     . 
I am 95% confident that the difference in obesity rates between Mexican American men and 

women is between -2.4% (more women are obese) and 22.8% (more men are obese). 
 
[2.] An ABC/Washington Post poll asked people if they thought that President Obama was 

responsible for current economic problems. Of the 1002 people surveyed in May of 2012, 341 
answered “yes.” In a follow-up poll of 1002 people in August of 2012, 321 answered “yes.” 
Estimate the change in the proportion of people who would answer “yes” with 90% confidence. 

 
I’ll use mp  for the proportion of people who would answer “yes” in May of 2012, and ap  for 

the proportion of people who would answer “yes” in August of 2012. 
This calls for a two sample z-interval for difference in proportions. This requires that each 

sample is a random sample from its population, and that each of m mn p ,  1m mn p , a an p  and 
 1a an p  are at least five. I’ll have to assume that the samples are random samples (a pretty 

safe bet, considering who’s doing the polling!).    3411002 341 51002m mn p       , 
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    3411 1002 1 661 51002m mn p         ,    3211002 321 51002a an p        and 
    3211 1002 1 381 51002a an p         , so the requirements are met. 

With 90% confidence, * 1.645z  . The interval is 
       0.32 0.68 0.34 0.660.32 0.34 1.645 0.0545,0.01461002 1002     . 

I am 90% confident that the proportion of people who would answer “yes” has changed by 
some amount between -5.45% (a decrease of 5.45% in “yes” answers from May to August) and 
1.46% (an increase of 1.46% in “yes” answers from May to August). 
Tests of Significance 

Just like confidence intervals, we can expand what we already know about one sample tests of 
significance and turn them into two sample tests! 
Hypotheses 

Remember that the hypotheses are about the parameter ( 1 2p p ) and that the null hypothesis 
should be a statement of no effect, no difference, nothing has happened, etc. 

The null hypothesis for a two sample test of significance will be 0 1 2: 0H p p  . This can 
also be written as 0 1 2:H p p . 

It is important that you explicitly describe what the two symbols 1p  and 2p  represent…in 
fact, it’s probably a good idea to not use the subscripts 1 and 2 on them! Instead, use something 
logical and descriptive. 
Requirements 

The confidence interval required that both samples were obtained randomly, or were formed 
by random assignment…this is still a condition for the test. The interval also required that each 
sample was less than 10% of its respective population…and that is still a condition, too 
(technically, but not practically). 

The interval required that each of 1 1n p ,  1 11n p , 2 2n p  and  2 21n p  must be at least 
five…but here we run into some problems. First of all, remember that we’d really rather use 1p  
and 2p ; we only used 1p  and  2p  for the interval because we didn’t know the values of 1p  and 

2p . That would make the condition that each of 1 1n p ,  1 11n p , 2 2n p  and  2 21n p  must be 
at least five. This is more like the way that the one sample test worked out. 

The second issue is that we assumed 1 2p p …thus, we shouldn’t be using two different 
values in those formulas! That makes the condition that each of 1n p ,  1 1n p , 2n p  and 

 2 1n p  must be at least five, where p  is the common value of 1p  and 2p . 
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The final issue is that we don’t know the common value of 1p  and 2p ! In the one sample 
case, we started by assuming a value of the parameter…now, we’ve just assumed that the two 
parameters are equal. We don’t know if they are both 0.5, or if they are both 0.1… 

Think. What have we done in the past when we didn’t know the value of a parameter? 
We estimated! In this case, we know the individual estimates of 1p  and 2p …how can we turn 

those into a single common estimate? 
I heard someone say “average them.” OK—how do you (correctly) average two proportions? 
No, you DO NOT add them and divide by two. Instead, you add the total number of successes 

and the total number of trials, then divide. 
Equation 4 - The Pooled Sample Proportion 

 1 2
1 2

x xp n n
   

We call this the pooled sample proportion. This is what you should use in place of the p  
from the last version of this condition. 

…which reminds me: I should spell out the condition now! The condition for this test is that 
each of 1n p ,  1 1n p , 2n p  and  2 1n p  must be at least five. 

When you use this pooled sample proportion, you are running a pooled two sample test for 
proportions. There is only one time that you wouldn’t use the pooled estimate…specifically, 
when the sample sizes are not approximately equal. No, sorry, there isn’t any guideline as to 
what “approximately equal” means—you’ll just have to decide for yourself. 

You should know that your calculator only knows how to pool—it doesn’t know how to run 
the non-pooled version of this test. If, for some reason, you don’t want to pool, you’ll have to 
grind out the numbers by hand. 
The Test Statistic and Everything Else 

I’ll continue under the assumption that we’re talking about the pooled two sample test. 
We can build the test statistic in the same way that we did in the one sample case. The general 

form of the test statistic is observed expected
measure of variation

 , or statistic parameter
measure of variation

 . Thus, we would write 
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. This is not how most people write it, though! First of all, our null 

hypothesis is that 1 2 0p p  , which reduces the formula to  

   1 2
1 1 2 2

1 2

1 1
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n n

  
. 

Second, since we are pooling, we should use the pooled sample proportion in place of 1p  and 
2p . That makes the formula come out to  

     1 2

1 2

1 1
p pz

p p p p
n n

  
. Finally, notice the repeated 
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factors in the denominator…that really irks the math nerds out there, who demand that we factor 
that thing! Thus, we get the most common form of the test statistic… 

Equation 5 - The Test Statistic for a Two Sample Test of Proportions 
 

  1 2

1 2

1 11
p pz

p p n n

     
 

The p-value of the test is computed the same way that we did in the one sample case…and the 
concluding paragraph is the same, too. 
Examples 

[3.] A study found that among 1249 people of low income, 441 had moderate levels of lead in 
their bloodstream. Among 1001 people of middle or high income, 313 had moderate levels of 
lead in their blood. Do these data suggest that more people of low income have moderate levels 
of lead in their bloodstream? 

 
I’ll use lp  for the proportion of low income people with moderate lead levels, and hp  for the 

proportion of middle or high income people with moderate lead levels. 
0 : 0l hH p p   (the proportion of people with moderate lead levels is the same for both 

income levels) 
: 0a l hH p p   (the proportion of people with moderate lead levels is higher for low income 

people) 
This calls for a two sample z-test for difference of proportions (pooled). This requires that 

both samples are random samples from their respective populations, and that each of ln p , 
 1ln p , hn p  and  1hn p  are at least five. I’ll assume that the people represent random 

samples of their respective income groups.  441 313 754 0.33511249 1001 2250p    ; 
    1249 0.3351 418.55 5ln p    ,      1 1249 0.6649 335.45 5ln p    , 
    1001 0.3351 830.45 5hn p     and      1 1001 0.6649 665.55 5hn p    , so the 

requirements are met. 
I’ll use 0.05  . 

   
0.353 0.313 2.01731 10.3351 0.6649 1249 1001

z     
;  2.0173 0.0218P z   . 

If the proportion of people with moderate lead levels is the same for both income levels, then 
I can expect to find a sample where the proportion of low income people with moderate lead 
levels is at least 4.04% greater than the proportion of middle/high income people with moderate 
lead levels in about 2.18% of samples. 

Since p  , this occurs too rarely to attribute to chance at the 5% level. It is significant; I 
reject the null hypothesis. 
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The data do suggest that a larger proportion low income people have moderate lead levels in 
their bloodstreams. 

 
[4.] During a clinical drug trial, 38 patients with at least one cancerous bladder tumor were 

treated with ThioTEPA—20 of these patients later developed more tumors. Another 48 patients 
were treated with a placebo, and 19 of them later developed a new tumor. Do these data suggest 
that there is a difference in the proportion of patients that will later develop tumors when using 
this drug versus not using this drug? 

 
I’ll use dp  for the proportion of patients that developed a new tumor after using the drug, and 

cp  for the proportion of patients that developed a new tumor after using a placebo. 
0 : 0d cH p p   (there is no difference in the proportion of patients that will later develop 

tumors when using this drug versus not using this drug) 
:a d cH p p  (there is a difference in the proportion of patients that will later develop tumors 

when using this drug versus not using this drug) 
This calls for a two sample z-test for difference of proportions (pooled). This requires that 

patients were randomly assigned to each group, and that each of dn p ,  1dn p , cn p  and 
 1cn p  are at least five. I’ll assume that the people were randomly assigned to these two 

treatment groups.  20 19 39 0.453538 48 86p    ;     38 0.4535 17.23 5dn p    , 
     1 38 0.5465 21.77 5dn p    ,     48 0.4535 20.77 5cn p     and 
     1 48 0.5435 26.23 5cn p    , so the requirements are met. 

I’ll use 0.05  . 

   
0.5263 0.3958 1.20711 10.4535 0.5465 38 48

z     
;  2 1.2071 0.2274P z   . 

If there is no difference in the proportion of patients that will later develop tumors when using 
this drug versus not using this drug, then I can expect to find two samples where the proportions 
are different by at least 13.05% in about 22.74% of samples. Since p  , this occur often 
enough to attribute to chance at the 5% level. It is not significant; I fail to reject the null 
hypothesis. 

The data do not suggest that there is a difference in the proportion of patients that will later 
develop tumors when using this drug versus not using this drug. 


