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Chapter 21: More about Tests and Intervals 
Thinking about p-values 

It is important to remember that our conclusion at the end of a hypothesis test is based on a 
conditional probability—the probability that we find is not the probability that the null 
hypothesis is true! Rather, it is the probability of finding a sample as unusual (or more unusual) 
as the one we actually found, given that the null hypothesis is true. 

In other words, our p-value only makes sense if the null hypothesis is true. 
Errors 

Will we know if our hypothesis is true? Of course not! Thus, when we make a decision about 
the null hypothesis, we may have made an error. Since there are two possible decisions (reject, or 
fail to reject), there are also two possible errors. 
Type I Errors 

A Type I error occurs when we reject the null hypothesis, but the null is actually true. Remember, we’ll never know whether or not we have made this error…but we can calculate 
its probability! In particular, the probability of making this error is exactly the same as the 
probability of rejecting the null hypothesis—which is what the significance level is. Thus, the 
probability of making a Type I error is  . 

It is important that you are able to describe a Type I error in the context of a situation, and to 
describe reasonable consequences of making such an error. 

Now let’s do a few examples… 
Examples 

[1.] A medical researcher is testing a new medication and wants to know if the proportion of 
patients experiencing side effects is greater than would be expected by chance alone. If the side 
effect rate is lower, then the drug can go into production. If the side effect rate is higher, then the 
formula must be adjusted (which costs time and money). 

Describe a Type I error in this situation, and give a consequence of making a Type I error. 
 
A Type I error would be concluding that the side effect rate is greater than expected, when in 

fact it is not greater. A consequence would be halting production unnecessarily. 
 
[2.] A traffic engineer wants to know if a new intersection design has reduced the proportion 

of drivers who fail to stop at the intersection. If the design are effective, then a large number of 
intersections will be remodeled with the new design (a very expensive and time consuming 
procedure). If the design is not effective, then it will be scrapped. 

He plans to test his hypothesis at the 5% significance level. 
(a) Find the probability of a Type I error. 
(b) Describe a Type I error in this situation, and give a consequence of making a Type I error. 
 
(a) The probability of making a Type I error will be 5%. 
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(b) A Type I error would be concluding that the proportion of drivers failing to stop has 
decreased, when in fact it has not. A consequence of this would be a major redesign of many 
intersections that will not have an effect on drivers (wasting time and money). 

 
[3.] A quality assurance manager has to decide if a shipment of parts are the right size—if 

there is evidence that they are too large or too small then the shipment must be rejected. If the 
shipment is accepted, then the parts will be used immediately. If the shipment is rejected, then 
the manufacturing operation must be put on hold until replacement parts can be delivered. 

Describe a Type I error in this situation, and give a consequence of making a Type I error. 
 
A Type I error would be rejecting the shipment, when in fact the shipment is OK. The 

consequence of this is halting production unnecessarily and wasting time waiting on a new 
shipment. 
Type II Errors 

A Type II error occurs when we fail to reject the null hypothesis, but the null is actually 
false. Again, we can’t know if we made this error, but we can calculate its probability. The 
probability of a Type II error is more difficult to calculate—it depends on the actual value of the 
parameter, which could be anything. Thus, we must calculate the probability of a Type II error 
against a specific alternative value of the parameter.  

The procedure is to first convert the level of significance into an actual value of the statistic 
(an inverse normal calculation). Then, we must find the rejection region for our level of 
significance. Finally, we find the probability of failing to reject, assuming that the alternate value 
of the parameter is the true value. 

Here’s a visual of that procedure. Let’s assume that our alternate hypothesis is >. 
Step 1: Convert  …  

 Figure 1 - The Significance Level  
… to a value of the statistic, and determine regions for rejection (and failure to reject). 

 Figure 2 - The Rejection Region  
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Step 2: Assuming that the parameter actually has some alternate value, find the probability of 
failing to reject. 

 Figure 3 - The Probability of a Type II Error The good news is that you don’t have to actually calculate this probability (the symbol for the 
probability of a Type II error is  ); rather, you need to know what affects its value, and be able 
to describe the error (and its consequences) in the context of the problem. 

Since the procedure uses the level of significance, the choice of   will affect the value of  . 
If you play with the pictures above, then you should realize that the higher value of  , the lower 
the value of   (and vice versa). 

The other thing that affects the location of the rejection region is the sample size. Again, if 
you play with the pictures above, you’ll see that the larger the sample size, the smaller the value 
of   (and vice versa). 
Examples 

[4.] Back to the medical researcher in example [1]: describe a Type II error in this situation, 
and give a consequence of making that error. 

 
A Type II error would be concluding that there is no evidence of an increase in side effects, 

when in fact there is an increase in side effects. A consequence of this error would be producing 
medication that results in more side effects (perhaps risking the health of patients). 

 
[5.] Back to the traffic engineer in example [2]: describe a Type II error in this situation, and 

give a consequence of making that error. 
 
A Type II error would be concluding that there is no evidence that the intersection design 

reduces the number of drivers that fail to stop, when in fact the design does reduce the number of 
drivers that fail to stop. The consequence of this error would be not remodeling intersections 
with the new design, and losing the opportunity to reduce the number of accidents due to drivers 
failing to stop. 

 
[6.] Bob and Dave are both trying to independently verify the results of another scientist’s 

experiment. Bob wants to be really sure of his results and uses 0.01  . Dave really wants to 
verify the other scientist’s findings and uses 0.05  . Which of the two will have a smaller 
probability of making a Type II error? 

 
Dave will have the smaller probability of a Type II error, since he is using a larger 

significance level. 
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The Power of a Test 
The Power of a Test is the probability that the test will reject the null hypothesis, if in fact the 

null is false. You can think of the power as being the probability of doing the right thing (failing 
to reject the null when the null is true is also “the right thing,” but it doesn’t have a fancy name). 

It should be fairly obvious that power and   are complementary. 
The Connection between Tests and Intervals 

The whole point of an interval is to determine a region where the parameter lies. Any value 
outside of the interval would be unusual…and a test ought to find that value unusual, too! 

This is a natural connection between tests and intervals—values outside of an interval ought 
to lead to rejection of the null in a test, and values inside an interval ought to lead to failure to 
reject the null. 

This connection only exists if the interval’s confidence level and the test’s significance level 
are complementary ( 1C   ). Also, the test must be two sided (have an alternate of “not 
equals”). 

The connection between tests and intervals is not as strong when the parameter is the 
population proportion; it is stronger when the test and interval are about population means—but 
we’ll get to those in another couple of chapters. 
Examples 

[7.] The internal body temperature of a group of students was measured, and a 95% 
confidence interval from the measurements was constructed (in degrees Fahrenheit):  98.123,98.375 . What would a test of 0 : 95.6H    versus : 98.6aH    conclude at the 5% 
significance level? 

 
Since the hypothesized value of the parameter is not located inside the 95% interval, the two 

sided test will reject the null hypothesis at the 5% level of significance. The interval provides 
evidence that the population mean body temperature is different from 98.6 degrees Fahrenheit. 

 
[8.] Researchers test a new herbicide and construct a 90% confidence interval for the 

proportion of weeds killed by the product:  0.824,0.896 . What would a test of 0 : 0.85H p   
versus : 0.85aH p   probably conclude at the 10% level of significance? 

 
Since the hypothesized value of the parameter is located inside of the 90% interval, a two 

sided test at the 10% level of significance would fail to reject the null. The interval provides no 
evidence that the proportion of weeds killed is different from 85%. 


