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Chapter 20: Testing Hypotheses about Proportions 
In the last chapter, we finally derived a way to estimate a parameter from a sample. Now, we 

see how you can test whether or not a belief about a parameter value is supported by the data. 
The Idea 

So you finally went out into the world, collected some data, and estimated the value of the 
population proportion. One might think that this is the end of the journey—but it’s not! It is also 
possible that you already have some idea about the value of the parameter, and you want to see if 
your idea is reasonable. To do that, you’ll have to go and collect some data and see if the data 
support or contradict your idea. We’ll do this by calculating the probability of getting a sample 
like the one we get. If our sample occurs frequently (not too rarely), then this supports our idea. 
If the sample occurs rarely, we’ll take that as evidence against our idea. 
An Assumption 

This all begins with an assumption about the value of the parameter—you believe that the 
population proportion is some value. We call this statement the null hypothesis. Here’s an 
example: 0 : 0.5H p  . 

There is more to this, though. We also need an alternate hypothesis: if the null hypothesis is 
wrong (not supported by the data), then where do you think that the parameter value actually 
lies? Put another way, the alternate hypothesis is a range of values of the parameter that concern 
us…we’re looking for any evidence that the parameter might lie in this alternate range. Here’s an 
example: : 0.5aH p  . Some people (especially statisticians) might write that as 1 : 0.5H p  . 

I am simplifying this a bit…in reality, a null hypothesis isn’t a statement about a single value 
of the parameter, but a range of values, and the alternate hypothesis is the complementary range. 
That’s more information than you need, so I’m not going to do it that way. Don’t try to 
contradict another statistics teacher if they insist that the null hypothesis is an inequality! 
A Calculation 

Once you have your hypotheses, it’s time to go out and collect some data. After that, you 
want to calculate how unusual your sample is. Put another way, you want to find the probability 
of finding a sample as unusual or more unusual than the one you obtained. To do this, we’ll find 
a probability through area under the sampling distribution. The area that we need to find is 
determined by the alternate hypothesis—if the alternate is greater than, we’ll find area to the 
right; if the alternate is less than, we’ll find area to the left; if the alternate is not equals, then 
we’ll find the area of the two tails of the distribution. 
How Weird is That? 

Finally, we need to decide whether or not our sample was too unusual to continue supporting 
our original hypothesis about the parameter. The issue is how rare must something be in order 
for you to decide that the original hypothesis just can’t be correct. The line between too rare and 
not that rare is called the level of significance. We denote this value with the symbol  . Things 
that occur rarely are said to be significant. If our sample is significant, then we will take that as 
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evidence against our original idea, and reject our null hypothesis. If our sample does not occur 
rarely, then that will not provide evidence against our original idea, and we will fail to reject the 
null hypothesis. 

Note that we’re not saying that the null hypothesis is false! We’re merely saying that the data 
suggest an alternate explanation. We could be wrong—but more on that later. 

Also, there are some people who would say that a non-rare sample should result in accepting 
the null hypothesis…and they are not wrong, but they would lose points on the AP Exam. 
The Pieces 

Okay—that’s the big idea. Let’s put all the pieces together into a procedure and do a little 
practice. There are four parts to a hypothesis test that we expect you to address on the AP 
Exam… 
Hypotheses 

Your null hypothesis will be about the parameter p, and will be an equality. The value that 
you use in the null hypothesis will be given (somehow) in the question. 

The alternate hypothesis will be an inequality about p, and will use the same specific value 
that you used in the null. The direction of the alternate will be suggested by the wording of the 
question. If you’re ever unsure about the direction of the alternate, then a “not equals” is the 
safest choice. 

In all cases, you might want to write a brief description of what the hypothesis means off to 
the side. That will help when it’s time to draw a conclusion at the end of the problem. You may 
also want to clearly define what the parameter is measuring—that will help with some work that 
is coming up in another chapter (in addition to being just a good idea in general). 
Examples 

[1.] Bob is playing a game with Zeke and thinks that Zeke’s die is rolling a 6 more often than 
it ought to. Write a pair of hypotheses to test Bob’s belief. 

 
p is the proportion of all possible rolls of Zeke’s die that result in a 6. 

0
1: 6H p   (there is nothing unusual about the die) 
1: 6aH p   (the die is rolling more 6’s than it should) 

 
[2.] Chris thinks that the coin tosses to start football games are resulting in fewer heads than 

they ought to. Write a pair of hypotheses to test Chris’s belief. 
 
p is the proportion of all possible tosses of a coin that result in heads. 

0 : 0.5H p   (there is nothing unusual about the coin) 
: 0.5aH p   (the coin produces too few heads) 
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[3.] In 2011, about 23% of cars manufactured were white. Dave wants to determine if this has 
changed for 2012 cars. Write a pair of hypotheses to help answer Dave’s question. 

 
p is the proportion of all 2012 cars that are white. 

0 : 0.23H p   (the proportion of white cars is still 23%) 
: 0.23aH p   (the proportion of white cars has changed) 

Conditions 
The probability calculations that we do are only valid if we know some things. I talked about 

those conditions in the previous chapter, but I want to say them again…so bear with me. 
First, we need p p  …in other words, we need the statistic to be unbiased. The way to make 

the statistic unbiased is to sample properly—thus, the condition that we’ll check is that the 
sample was obtained randomly. If it is not given that the sample was obtained randomly, then 
you’ll have to assume that it was. 

Note that you do not need to explain why a random sample is required! 
Second, we need 

 1
p

p p
n  …but of course we’ll just have to make due with 



  1
p

p pSE n
 . It turns out that this formula really only works when the population is 

infinite, or when we sample with replacement. When we sample without replacement (which is 
what we almost always do), we’re not dealing with something that is binomial at its core, but 
rather something that is hypergeometric. Fortunately, the binomial and the hypergeometric are 
nearly identical under certain circumstances—in particular, when the sample size is less than 
10% of the population size. Thus, the condition that we can check is that the sample size is not 
too large. I say “can” because in reality, this condition is very rarely violated, and has not been 
an issue on the rubrics for the AP Exam. Thus, I’ll talk about it in class, but I’ll very rarely 
actually write it down. 

The last thing that we need is for the sampling distribution to be approximately normal. As we 
saw previously, this should be true when both of np  and  1n p  are at least 10. In the previous 
chapter, we used n p  and  1n p  because we did not have a value of p to use—that is no 
longer true, since we began the hypothesis test by assuming a particular value of p! 

In summary, then—for the purposes of the AP Exam, our conditions will be that the sample 
was obtained randomly, and that each of np  and  1n p  are at least 10. 

Mechanics 
Now that we’ve checked that our calculations will be valid, it’s time to make the calculation. 

Fortunately, we did precisely these calculations back in the chapter on sampling distributions! 
The only differences are that we must declare a level of significance, and we now call the 
probability the p-value. 

I’ll remind you about those calculations in the examples below. 
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Conclusion 
Finally, we need to describe what all of this means. In particular, we need to make a decision 

(reject, or fail to reject), link that decision to the p-value, and give a contextual explanation of the 
decision/conclusion. I have a template (fill-in-the-blank) for that! 

If [null hypothesis] then I can expect to find [probability statement] in [p-value] of repeated 
samples. Since [ p   / p  ], this occurs [too rarely / often enough] to attribute to chance at 
the [ ] level; it is [significant / not significant], and I [reject / fail to reject] the null hypothesis. 
[conclusion in context—make a statement about the alternate hypothesis]. 

To see how this works, let’s look at some examples… 
Examples 

[4.] A study of 500 randomly selected homes found 11 that were vacant. Does this suggest 
that the home vacancy rate is lower than its previous value of 2.5%? 

 
p is the proportion of all homes that are now vacant. 

0 : 0.025H p   (the proportion of vacant homes is still 2.5%) 
: 0.025aH p   (the proportion of vacant homes has dropped) 

This calls for a one-sample z-test for proportions. 
This test requires that the sample was obtained randomly, and that both of np  and  1n p  

are at least 10. I’m told that the sample was obtained randomly;    500 0.025 12.5 10np     
and      1 500 0.975 487.5 10n p    , so the requirements are met. 

I’ll use a significance level of 0.05  . 


   0.022 0.025 0.42971 0.025 0.975
500

p pz p p
n

     ;    0.022 0.4297 0.3337P p P z     . 

 If the proportion of vacant homes is really 2.5%, then I can expect to find a sample with 2.2% 
vacant homes or less in about 33.37% of samples. 

This occurs often enough to attribute to chance at the 5% level; it is not significant. I fail to 
reject the null hypothesis. 

There is no evidence that the proportion of vacant homes has dropped below 2.5%. 
 
[5.] A study suggested that about 45% of Americans believe that gun ownership should be 

tightly controlled. After a shooting incident, 500 people are polled about gun ownership, and 245 
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of them said that gun ownership should be tightly controlled. Do the data suggest an increase in 
the percent of people who believe that gun ownership should be tightly controlled? 

 
p is the proportion of all Americans who now think that gun ownership should be tightly 

controlled. 
0 : 0.45H p   (45% of people still have this opinion) 

: 0.45aH p   (the proportion of people with this opinion has increased) 
This test requires that the sample was obtained randomly, and that both of np  and  1n p  

are at least 10. I’ll have to assume that the sample was obtained randomly.    500 0.45 225 10np     and      1 500 0.55 275 10n p    , so the requirements are 
met. 

I’ll use a significance level of 0.05  . 


   0.49 0.45 1.79791 0.45 0.55
500

p pz p p
n

    ;    0.49 1.7979 0.0361P p P z    . 

 If the proportion of Americans who think that gun ownership should be tightly controlled is 
still 45%, then I can expect to find a sample where at least 49% of people have this opinion in 
about 3.61% of samples. This occurs too rarely to attribute to chance at the 5% level; it is 
significant. I reject the null hypothesis. 

There is evidence that the proportion of people with this opinion has increased. 
 
[6.] In testing a new vaccine, 79 of 1434 subjects reported pain at the injection site. Previous 

studies suggest that about 5.7% of patients will report pain after injection of a vaccine. Do these 
results suggest a change in the percentage of patients reporting pain? 

 
p is the proportion of people who will report pain after being injected with this vaccine. 
(Be careful here! Don’t say that it is the proportion of people who did report pain…that 

would be the sample proportion, not the population proportion) 
0 : 0.057H p   (5.7% of recipients will report pain after vaccination) 

: 0.057aH p   (the proportion of people who will report pain is different from 5.7%) 
This test requires that the sample was obtained randomly, and that both of np  and  1n p  

are at least 10. I’ll have to assume that the sample was obtained randomly. 
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   1434 0.057 81.738 10np     and      1 1434 0.943 1352.262 10n p    , so the 
requirements are met. 

I’ll use a significance level of 0.05  . 


   0.055 0.057 0.31191 0.057 0.943
1434

p pz p p
n

     ;    2 0.055 2 0.3119 0.7551P p P z     . 

  
If the proportion of patients who will report pain from this vaccine is 5.7%, then I can expect 

to find a sample with less than 5.5% or more than 5.9% reporting pain in about 75.51% of 
samples. This occurs often enough to attribute to chance at the 5% level; it is not significant. I 
fail to reject the null hypothesis. 

There is no evidence that the proportion of patients who will report pain from this vaccine is 
different from 5.7%. 

(If you’re wondering how I found the value 5.9%…the observed sample proportion was 5.5%; 
I found the sample proportion that same distance from the center, but on the other side…) 
The Rejection Region 

The p-value approach that I used is the more modern method because calculating p-values is 
much easier with technology. Before such technology was present, people would instead 
determine a rejection region for the statistic—a range of values for the test statistic (in this case, 
z) that would have p-values lower than our stated level of significance. 

This approach requires an inverse normal calculation…which we practiced in a previous 
chapter! In particular, we need to find a z from the standard normal distribution that has a certain 
area to one side (or maybe two z values with a combined tail area of a certain amount). 
Example 

[7.] A 2009 study suggested that 13% of new mothers will experience postnatal depression. A 
doctor wants to determine if this value has lowered with better medical training in the past few 
years, and he plans to conduct a test at the 10% level of significance. What range of z statistics 
will lead him to reject 0 : 0.13H p   in favor of : 0.13aH p  ? 

 
I need to find a value of z so that  * 0.10P z z  . My calculator reports that this value is 

1.2816 . Thus, the doctor will reject his null hypothesis if 1.2816z   . 
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[8.] A 2008 poll found that 17% of Americans thought that Barack Obama was Muslim. A 

researcher is planning a test to determine if this percentage has changed. She wants to conduct 
this test at the 5% significance level. What range of z statistics will lead her to reject 

0 : 0.17H p   in favor of : 0.17aH p  ? 
 
Since the alternative is two sided, I want to reject in both directions, and I want to reject in 5% 

of cases…so I need to find a value of z so that  * 0.025P z z    and  * 0.025P z z  . My 
calculator reports that the z score with a left hand area of 0.025 is -1.96. Thus, this test will reject 
the null hypothesis if 1.96z    or 1.96z  . 

 


