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Chapter 14: From Randomness to Probability 

Types of Probability 
There are actually three different types of probability. Subjective probability is probability 

based on personal beliefs. Seriously! You hear people say these sort of things all the time 

(especially if you watch “Mythbusters”). Alas, this is the least useful type of probability. 

Empirical probability is based on actual observations—we flipped a coin 500 times and 489 

of the flips came up heads, so we say that the probability of heads is 
489

500
. This is a useful way 

to do things, but not exactly how we’ll approach probability (for that, you must go and talk to the 

Bayesians). 

Finally, there is theoretical probability—think of this as empirical probability with an 

infinite number of trials. For example, we’d expect that out of an infinite number of flips, half of 

them should land on heads. 

This approach is also called a frequentist approach—where probability is defined in terms of a 

long-term frequency—and this is the approach that AP Statistics takes. 

(okay, that’s not exactly the difference between the bayesians and the frequentists…but it 

should be enough for you.) 

Basic Terms 
A random experiment is any activity which has a measurable result. The term measurable is 

used in a very open sense—it does not imply that numbers are involved! Thus, the results can be 

quantitative or qualitative. 

An outcome is any (simple) result of one trial of a random experiment. When listing 

outcomes, we’ll use some short description (numbers, letters, words—something) to identify 

each outcome. 

An event is a group (set) of related outcomes. We typically use capital Roman letters to 

identify events. 

The universe (or sample space) is the group (set) of all possible outcomes for a random 

experiment. The Roman capital U is often reserved to identify the universe. 

The probability of an event is the number of outcomes in the event divided by the number of 

outcomes in the universe. This is summarized in Equation 1. Note that the vertical bars really 

mean “size of,” not  “absolute value.” 

Equation 1 - Probability of an Event 

 
E
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There is one caveat to using this formula—the outcomes in the universe must all be equally 

likely. The best way for you to ensure that your universe is one with equally likely outcomes is to 

be as specific and detailed as possible when listing the universe. You’ll see an example of that 

below. 

When giving the answer to a probability question, you can give your answer as a reduced 

fraction, a proportion (decimal), or a percentage. 
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Examples 
[1.] A bag contains four marbles—one each of black, white, red and blue. You reach in a pull 

out two.  

(a) List the universe for this experiment.  

(b) List the outcomes in the event “at least one marble is black.”  

(c) What is the probability that at least one marble is black? 

 

I’ll use a capital B for black and a lowercase b for blue. The universe is {Bw, Br, Bb, wr, wb, 

rb}. The event “at least one marble is black” is {Bw, Br, Bb}. The probability that at least one 

marble is black is 
3 1

6 2
 . 

 

[2.] A single die is rolled once.  

(a) List the outcomes in the experiment.  

(b) List the outcomes in the event “an even number is rolled.”  

(c) What is the probability that an even number is drawn? 

 

The universe is {1, 2, 3, 4, 5, 6}. The event “an even number” is {2, 4, 6}. The probability of 

rolling an even number is 
3 1

6 2
 . 

 

[3.] Two dice are rolled and the sum of the pips noted (yes, those dots are called pips). What 

is the probability that a sum of nine is rolled? 

 

At first, you might think that the universe is {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}…and that’s not 

wrong, but it’s not useful. The events in that universe aren’t as specific as possible. For example, 

there are multiple ways to roll a sum of five (4 and 1, 3 and 2). Furthermore, the dice are 

different…you can imagine that one is red and the other is green. A red 3 and a green 2 is 

different from a red 2 and a green 3! 

Thus, the useful version of this universe is best shown in a table. I’ll list one die result in bold 

and the other die result in italics. 

 1 2 3 4 5 6 

1 2 3 4 5 6 7 

2 3 4 5 6 7 8 

3 4 5 6 7 8 9 

4 5 6 7 8 9 10 

5 6 7 8 9 10 11 

6 7 8 9 10 11 12 

In this universe of 36 outcomes, four of them result in a sum of nine, so the probability of 

rolling a sum of nine is 
4 1

36 9
 . 

 

[4.] A coin is flipped three times and the results of each flip noted.  

(a) What is the probability that exactly one of the flips results in a head?  

(b) What is the probability that at least one of the flips results in a head? 
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The universe is {hhh, hht, hth, thh, htt, tht, htt, ttt}. There are three outcomes where there is 

exactly one head, so the probability of exactly one head is 
3

8
. There are seven outcomes that 

include at least one head, so the probability of at least one head is 
7

8
. 

More on Theoretical Probability 

Properties 
Since our definition of probability is really just a ratio, there are a couple of consequences. 

First, since we are counting things, the smallest probability must be zero—you can’t count a 

negative number of things. Second, the largest probability must be one—you can’t have more 

outcomes in the event than you have in the universe. 

A probability of zero means that something cannot (or did not) happen. A probability of one 

means that something must happen (or did happen). 

What must the probability of the universe be (no, I’m not actually going to say it)? This is the 

equivalent of saying that something must happen. 

Combining Events 
Roll a die—what’s the probability of rolling either a 3 or a 4? Sure, we could think of this as a 

single event in the universe…but it turns out that if you think of it as a combination of two 

events, you open up a very powerful technique. What do you think you should do with those 

individual probabilities? Most people would say “add”—and that’s almost exactly right. There is 

one danger: what about those cases where the two events can occur at the same time? For 

example, rolling a die: what’s the probability of rolling either an even number or a number 

greater than 3? Work that out…you’ll see that just adding those probabilities doesn’t work. More 

on that in the next chapter. By the way—the textbooks call this The Addition Rule. 

Another way to combine events—what if I want both events to occur at the same time? This 

one isn’t quite as intuitive as the first…let’s just lay down a rule and talk more about it later. If 

you want to find the probability that two events occur together (at the same time), then multiply 

the probabilities. Like the previous rule, there is one catch: this only works if the two events 

don’t influence one another (they have nothing to do with each other). Yes, that’s a wide open 

statement…trust me, we’ll talk more about this idea in the next chapter. The book refers to this 

rule as The Multiplication Rule. 

Finally, a rule about opposites: if there is a 10% chance that event A does happen, then what’s 

the probability that event A doesn’t happen?  

Easy! 

Now, let me apply that in an unexpected way…roll six dice; what’s the probability that at 

least one of them comes up as a 2? If you try to think about the sample space, you’ll get 

swamped. Instead, think about the opposite: what is the opposite of at least one die coming up as 

a 2? 

That’s right—none of them come up as a 2! That is useful because now we have a really nice 

combination: we want every die (all six of them) to come up not a 2, at the same time. I just 
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mentioned how to deal with the situation where you want a bunch of things to all happen at the 

same time… 

There are more words that the textbook throws at you in this chapter…I’m going to wait and 

introduce those in the next chapter. 

Examples 
[5.] I flip a coin six times.  

(a) What’s the probability that I get all heads?  

(b) What’s the probability that I get no heads?  

(c) What’s the probability that I get at least one head? 

 

(a) I multiply for this one: 

6
1 1

2 64

 
 

 
. 

(b) Ditto here…and since the probability of heads is the same as that for tails, you won’t even 

see a difference! The probability is 

6
1 1

2 64

 
 

 
. 

(c) This is a case where using the opposite helps. The opposite of at least one head is no 

heads…what’s the probability of getting no heads? We just answered that! It’s 
1

64
. Thus, the 

probability of our event must be 
1 63

1
64 64

  . 

 

[6.] About 9.7% of Americans carpool to work. In a sample of five unrelated Americans, what 

are the probabilities that… 

(a) all of them carpool? 

(b) none of them carpool? 

(c) at least one of them carpools? 

 

(a) The probability that all carpool is  
5

0.097 0.00000859 …in other words, nearly zero! 

(b) The probability that none carpool is  
5

0.903 0.6004 . 

(c) The probability that at least one carpools is the opposite of the probability that none 

carpool…and that is about 0.6004, so the probability that at least one carpools must be 0.3996. 


