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Chapter 06: The Standard Deviation as a Ruler and 

the Normal Model 
This is the worst chapter title ever! This chapter is about the most important random variable 

distribution of them all—the normal distribution. 

Measuring Position (again) 
Earlier (several chapters ago) we talked about quartiles as a method of measuring position. It 

turns out that there is another one: standardized scores. Let’s define standardized scores in a very 

generic way for the moment, and then we’ll see how they really get used a little later. 
Equation 1 - Standardized Scores 

datum mean
standardized score

standard deviation

−
=  

Standardized scores measure the position of a datum relative to the mean, but in units of the 

standard deviation. Thus, these scores tell how many standard deviations above (or below) a 

datum is located. 

There are two things to know about standardized scores for now: the sign (positive or 

negative) tells whether a datum is above or below the mean, and the value (close to zero, or far 

from zero) tells how unusual the datum is (closer to zero means more typical). 

You can always use a standardized score to measure position…but there are other things we 

can do with them that only work under certain conditions! Specifically, we can only attach 

probabilities to them when they are used with a normally distributed variable…more on that after 

a few examples. 

Examples 
[1.] Zeke’s parents are told that their son’s IQ has a standardized score of 2.3. Explain what 

this means about Zeke’s IQ relative to the others in his class. 

 

Since his score is positive, he’s above average. Since his score is not close to zero, his score is 

unusual. 

 

[2.] In his PreCalculus class, Abe earned a final grade of 92. For his class as a whole, the 

mean final grade was 80 with a standard deviation of 7. Carol also just finished a PreCalculus 

class, where the class mean was 80 with a standard deviation of 3. Carol’s final grade was 89. 

Which student performed better relative to their peers? 

 

Abe’s standardized score is 
92 80

1.714
7

−
=  and Carol’s standardized score is 

89 80
3

3

−
= . 

Both are above the mean, but Carol’s score is farther from zero, so her score is more 

unusual…she did better than Abe when compared to her peers. 
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The Normal Model 

The Idea 
There is one continuous random variable that is more important than the others—that is the 

Normal Distribution. This is also referred to as a Gaussian Distribution, or sometimes as a bell 

curve. 

Unlike the discrete cases we studied—where you can define the model in terms of a process—

the normal model really can really only be defined in terms of its graph. 

 
Figure 1 - A Normal Distribution 

Properties 
You need two numbers to describe a normal distribution—the mean and the standard 

deviation. In the picture above, 0µ =  and 1σ = . The shape is perfectly symmetric about the 

mean. 

The standard deviation in a normal curve is actually not too hard to see. There is a special 

point on the curve (most people can pick out its general location with little difficulty) that helps 

to find the standard deviation.  

 
Figure 2 - The Inflection Point of a Normal Curve 

This special point is where the curve stops dropping more than sliding, and starts sliding more 

than dropping. It’s called an inflection point—but you don’t need to remember that. What you do 

need to know is that the horizontal distance between this point and the mean is the value of the 

standard deviation. 

The domain of a normal distribution is all real numbers—it continues infinitely in both 

directions. For this reason, most applications use models that are only approximately normal. 

In the discrete cases (binomial and geometric) I defined a probability mass function—a 

function that produced probability values. The continuous variables require a slightly different 

approach. In the discrete case, the function value (analogous to the y-value on a graph like the 
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one above) is the probability. In the continuous case, the function value is not the probability—

rather, probability is found through area. 

You’ve probably never found the area of a shape like the normal curve! That’s OK—we’ve 

got ways to do that without getting too mathy. Here’s the first… 

The Empirical Rule 
First of all, know that the total area under a normal curve is 1 (since it represents all possible 

outcomes, the total probability is 1…and probability is now area). 

The area under a normal curve between µ σ−  and µ σ+  is about 0.68; between 2µ σ−  and 

2µ σ+  is about 0.95; and between 3µ σ−  and 3µ σ+  is about 0.997. This is called the 

Empirical Rule, and can be used to approximate probabilities for normal distributions. 

 
Figure 3 - The Empirical Rule 

…you may also want to use the facts that the distribution is symmetric, and that the total area 

is 1. It’s also a really good idea to draw a picture of what you’re trying to find! 

Examples 
[3.] The size of the frontal lobe of members of the Leptograpsus variegatus species 

(Australian crab) varies normally with mean 15.6mm and standard deviation 3.5mm. 

(a) What proportion of these crabs have frontal lobe measurements between 12.1mm and 

19.1mm? 

(b) What proportion of these crabs have frontal lobe measurements greater than 22.6mm? 

 

(a) We are given 15.6µ =  and 3.5σ = . Notice that 12.1 µ σ= − , and 19.1 µ σ= + . Thus, the 

proportion of crabs with frontal lobes between these measurements is about 0.68, or 68%. 

(b) 22.6 2µ σ= + …95% of these measurements are between 8.6 and 22.6; so 5% must be 

lower than 8.6 OR higher than 22.6. Since the normal curve is symmetric about µ, the proportion 

above 22.6 must be about 2.5%. 
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[4.] PSAT Math scores for Sophomores who took the test in 2005 were approximately 

normally distributed with mean 44 and standard deviation 11. 

(a) What proportion of these scores were between 55 and 66? 

(b) What proportion of these scores were lower than 33? 

(c) Approximately what score would put a student in the top 2.5% of scores? 

 

(a) Note that 55 is at µ σ+  and 66 is at 2µ σ+ . I know that the proportion between µ σ−  

and µ σ+  is about 0.68 and that the proportion between 2µ σ−  and 2µ σ+  is about 0.95. If we 

subtract these, we get the proportion that are either between 2µ σ−  and µ σ−  or between 

µ σ+  and 2µ σ+ . Since we want only one of those, and since the distribution is symmetric, we 

can divide the difference by two to obtain the answer. Thus, the proportion is 

0.95 0.68
0.135

2

−
= . 

(b) First note that 33 is at µ σ− . I know that the proportion between µ σ−  and µ σ+  is 

about 0.68, so the proportion that are either lower than µ σ−  or greater than µ σ+  must be 

0.32. Since I only want one of those, and since we have symmetry, divide by two! The 

proportion is 0.16. 

(c) This is a little different…we know the area and we need to work that back to a value of the 

variable. A top area of 0.025 gets doubled to make a top and bottom area of 0.05…and that 

makes a middle area of 0.95. Great! I know that the proportion of scores between 2µ σ−  and 

2µ σ+  is about 0.95…so the upper score (the one marking the top 2.5%) must be at 2µ σ+ . 

Thus, the score that puts you at the top 2.5% must be ( )44 2 11 66+ = . 

More Accurate Methods 
It is easy to see that this method has limited application…we need something a bit more 

powerful. 

Did you notice that when we found that measurements were at µ σ+  or 2µ σ−  that we were 

really finding standardized scores? 

No? Well, we were! If you are dealing with a normal distribution, then standardized scores are 

the gateway to more accurate probability. 

Let’s get one bit of notation out of the way…now that we are distinctly dealing with a 

particular distribution (the normal), let’s adjust that formula for standardized scores: 
Equation 2 - Z-scores 

x
z

µ

σ

−
=  

Really, every standardized score is a z-score…just remember that you can only turn a z-score 

into a probability if you know that the distribution is (at least approximately) normal. 

Normal Probability 
To find the area under any normal curve, first convert your measurements to z-scores. Once 

you’ve converted any values of your original variable (x) into standard normal values (z), then 

it’s time to use the Z Chart. The chart lists its z values (from about -3.4 to 3.4) to two decimal 

places. The units and tenths are found on the left margin of the page; the hundredths digit is 
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found along the top row. At the intersection of the row and column for your z, you will find the 

area under the normal curve to the left of that z. If you want the area to the right, or the area 

between two z values, you’ll have to use two important properties of normal curves—symmetry, 

and the total area under the curve is 1. 

…or you could use the handy function in your calculator! 

Inverse Normal Calculations 
Of course, you don’t always start with a variable and then find out how often it occurs. 

Sometimes, you know how often something occurs (or how often you want it to occur), and you 

need to find the value of the variable that’ll make it happen. This is called an Inverse Normal 

Calculation. It works exactly backwards from a regular problem. 

In a regular problem, we take an x and make it a z; then we look that z up in the chart; then we 

read off the left-hand area. 

For an Inverse problem, we start by finding the left-hand area in the chart; then we read z, 

then we change z back into x. You should be able to (easily) do the algebra required to change z 

back to x. 

Here’s a little graphic that I use to remember how to move between the various parts of a 

normal problem: 

 
Figure 4 - Normal Calculation Summary 

Examples 
[5.] Back to our crab example—what proportion of crabs have frontal lobes larger than 

18mm? 

 

First, the z-score: 
18 15.6

0.6857
3.5

−
= . Now use the chart or your calculator to find the right 

hand area of 0.2464. 

 

[6.] The heights of 15 year old American males are approximately normally distributed with 

mean 170 cm and standard deviation 7.6 cm. What proportion of these young men have heights 

greater than 185 cm? 

 

Start with the z-score: 
185 170

1.9737
7.6

−
= . Now use your preferred tool to find the right hand 

area: 0.0242. 

 

[7.] The maximum oxygen uptake of middle-aged American men is approximately normally 

distributed with mean 42.2 mL/kg/min and standard deviation 3.7 mL/kg/min. 

(a) What proportion of middle-aged men have maximum oxygen uptake levels lower than 35 

mL/kg/min? 
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(b) Higher levels of maximum oxygen uptake are indicative of better health. What level 

would put a middle-aged man in the top 5% of healthy individuals? 

 

(a) z-score: 
35 42.2

1.9459
3.7

−
= − ; the proportion is 0.0258. 

(b) The z-score for the top 5% is 1.6449; that makes the variable value 

( ) ( )1.6449 3.7 42.2 48.286+ =  mL/kg/min. 

 

[8.] Most measures of IQ are normally distributed, and scaled to have mean 100 and standard 

deviation 15. 

(a) What percentage of people will have IQs that are lower than 88? 

(b) The organization MENSA only accepts members who score in the top 2% of IQ tests. 

What range of scores would enable one to join MENSA? 

(c) People who score in the lowest 10% of IQ scores are often eligible for additional services 

in school. What range of IQ scores would enable a student to receive special services? 

 

(a) The z-score is 
88 100

0.8
15

−
= −  and the proportion is 0.2119. 

(b) The z-score for the top 2% is 2.0537; that makes the IQ score 

( ) ( )2.0537 15 100 130.8062+ = . 

(c) The z-score for the lowest 10% is -1.2816; that makes the IQ score 

( ) ( )1.2816 15 100 80.7767− + = . 

The Normal Probability Plot 
There are times when you have some data and you want to check to see if the data are 

approximately normally distributed. There are ways to do that—and the textbooks describes one 

of them at this point. I’m going to wait and talk about this graph much later in the year (it isn’t 

that important, really). 


